Integral Calculus - Exercises

6.1 Antidifferentiation.
The Indefinite Integral

In problems 1 through 7, find the indicated integral.

L [Vadx

Solution.

1 2 2
/\/de—/xidx—gx%+0—§x\/§+c.

/Bezdaz‘ = 3/ezdx =3+ C.

3. [(32% — v/5u + 2)dx

Solution.
/(3x2—\/5x+2)dx = S/xde—\/g/\/de+2/da::
1 2
= 3-§x3—\/5-§x\/5+2x+02

= 73— gx\/5x+2x+0.

2. [3e*dx
Solution.

4. f(i—w%+%>dx
Solution.

—— 5+ — = = [ Zdz -2 [ 2%z + Sy —

1
= §ln|x|—2-(—1)x_1+3-2x%+02

~ Injz] +2
2 T

+6y/x + C.

40
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5% f (26$ + g +ln2) dx
Solution.

1
/(26“+§+1n2)dx = 2/ewdx+6/—da:+ln2/da::
T T

= 2¢"+6Injz|+ (In2)z+ C.

6. [ =24y

Solution.
2 _2 1 1
x”+ 3z Ay = / %dx+3/x5dx—2/x5dx—
NZ7
2 2
= o z: +3- §x2—2 2% +C =
2
— g 2+2$2_4$2+0_
2
= Vo 2Vi -4V + O

7. [(2® —22%) (2 —5)dz
Solution.

1
/(3:3 — 227) <E - 5) der = /(3:2 — 52® — 22 4 102°)dz =

= /(—5x3 +112% — 27)dz =

1, 1 1

- - c 11’_3—2’—2 —
5 4x—|— 33: 290 +C
5! 11

8. Find the function f whose tangent has slope 23 — ?22 + 2 for each value
of  and whose graph passes through the point (1, 3).
Solution. The slope of the tangent is the derivative of f. Thus

2
f’(a:):x?’—P—i-Z

and so f(z) is the indefinite integral

flz) = /f xdx-/(x —§+2)d
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10.

Using the fact that the graph of f passes through the point (1, 3) you

4 4

Therefore, the desired function is f(z) = a* + 2 + 22 — 2.

. It is estimated that ¢ years from now the population of a certain lakeside

community will be changing at the rate of 0.6¢% + 0.2t + 0.5 thousand
people per year. Environmentalists have found that the level of pollu-
tion in the lake increases at the rate of approximately 5 units per 1000
people. By how much will the pollution in the lake increase during the
next 2 years?

Solution. Let P(t) denote the population of the community ¢ years
from now. Then the rate of change of the population with respect to
time is the derivative

dP

= P'(t) = 0.6t* + 0.2t + 0.5.

It follows that the population function P(t) is an antiderivative of
0.6t> + 0.2t + 0.5. That is,
P(t) = /P’(t)dt = /(0.6t2 + 0.2t + 0.5)dt =
= 0.2t +0.1¢ + 0.5t + C

for some constant C'. During the next 2 years, the population will grow
on behalf of

P(2) - P(0) = 02-22401-224+405-24+C—-C =
1.6 + 0.4 + 1 = 3 thousand people.

Hence, the pollution in the lake will increase on behalf of 5 -3 = 15
units.

An object is moving so that its speed after ¢ minutes is v(t) = 1+4t+3t2
meters per minute. How far does the object travel during 3rd minute?
Solution. Let s(t) denote the displacement of the car after ¢ minutes.

Since v(t) = % = §/(t) it follows that

S(t)—/v(t)dt—/(1+4t+3t2)dt—t+2t2+t3+0.

During the 3rd minute, the object travels

s(3)—s(2) = 3+42-94274+C—-2-2-4-8-C=

= 30 meters.
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Homework

In problems 1 through 13, find the indicated integral. Check your answers
by differentiation.

1.
3.
d.

7.

9.

11.
13.

14.

15.

16.

17.

18.

19.

20.

[ abdx
T b
[(x2 — 32% + 6)dx [(B3Vz—3%+121)de

[ (S +2yz)da J (Va® = 3z +V2) da
f(é—%+e2+§)dx 10. [ &2l gy

[2* 2z + 1) do 12.  [Vx(a? - 1)dz

[ z(2z + 1)*dx

fx%da:
f bdx

S

Find the function whose tangent has slope 4x + 1 for each value of z
and whose graph passes through the point (1, 2).

Find the function whose tangent has slope 322 + 62 — 2 for each value
of  and whose graph passes through the point (0, 6).

Find a function whose graph has a relative minimum when z = 1 and
a relative maximum when x = 4.

It is estimated that ¢ months from now the population of a certain town
2

will be changing at the rate of 4+ 5¢5 people per month. If the current

population is 10000, what will the population be 8 months from now?

An environmental study of a certain community suggests that ¢ years
from now the level of carbon monoxide in the air will be changing at
the rate of 0.1t + 0.1 parts per million per year. If the current level of
carbon monoxide in the air is 3.4 parts per million, what will the level
be 3 years from now?

After its brakes are applied, a certain car decelerates at the constant
rate of 6 meters per second per second. If the car is traveling at 108
kilometers per hour when the brakes are applied, how far does it travel
before coming to a complete stop? (Note: 108 kmph is the same as 30

mps. )

Suppose a certain car supplies a constant deceleration of A meters per
second per second. If it is traveling at 90 kilometers per hour (25
meters per second) when the brakes are applied, its stopping distance
is 50 meters.

(a) What is A?
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(b) What would the stopping distance have been if the car had been
traveling at only 54 kilometers per hour when the brakes were

applied?

(c) At what speed is the car traveling when the brakes are applied if
the stopping distance is 56 meters?

e
| T+
e Q0
+
D
=
+
Q
(@) TN )

NS E
8
+
Koo
+
Q]

[V

8

+
Wl
8

njw
+

Q

—_

O -

+32* +C 12.
+ 322+ 12*+C

) o ®wI—
ot

Cflr)=222+x -1
flz) =23+ 32— 2246
@) =k -

ng + 4x; not unique

10128

. 4.15 parts per million

. 75 meters

(a) A=6.25
(b) 42 meters
(c) 120.37 kilometers per hour

%x%—l—C
St +C
2x%+x—12+1n|x\+0

2/(@¥)r — T+ V2 +C
x—%—i—Zlnx—i—C’

7 3
ol T gat+C
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6.2 Integration by Substitution

In problems 1 through 8, find the indicated integral.

1. [(2z +6)°dx
Solution. Substituting « = 2x + 6 and %du = dx, you get

1 1 1
/(2x+6)5dx: §/u5du: Eu6+C’: E(2$+6)6+C’.

2. [[(x—1)°+3(x—1)*+5]dz
Solution. Substituting v = z — 1 and du = dzx, you get

/[(w—1)5+3(x—1)2+5]dx = /(u5—|—3u2—|—5)du—
1

= 6u6+u3+5u+C’:
1

= 6(3:—1)6+(3:—1)3+5(3:—1)+C.

Since, for a constant C', C' — 5 is again a constant, you can write

/[(x—1)5+3(x—1)2+5}dx:%(x—1)6+(x—1)3+5x+0.

2
3. [xe* dx
Solution. Substituting v = 2? and Jdu = zdz, you get

1 1 1
/:L‘edeac = §/e“du = 56“ +C = §em2 +C.

4. fxf’el*xﬁdx
Solution. Substituting u =1 — 2° and —du = 2°dx, you get

1 1 1
/Jf%lmﬁdﬂc = —g/e“du = —66“ +C = _661%6 + C.

5. [ 2% o

x®+1
Solution. Substituting v = z° + 1 and %du = 2x*dz, you get

204 2 (1, 2 2 .
/x5+1d9&g/adugln\u|+Cgln}x +1|+C.
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6 f 1023 -5z dr
- ) oimarro
Solution. Substituting u = z* —2? + 6 and 2du = (10z* — 5z)dz, you

get

102° — 5z 5 1 5 1 3 1
ﬁl_ﬁ%_(;x 2/\/ﬂu 2/u U 5 uz +

= Hrt—224+6+C.

7.f1dx

zlnx
Solution. Substituting v = Inz and du = %dw, you get

1 1
/ dx:/—du:ln|u|+C:1n|1nx|—i—(].
rlnz U

8. [lnzdy
Solution. Substituting v = Inz and du = %dw, you get

2 21 1
/hlx dx—/ nxdx—?/udu—2-§u2+0—(lnx)2+C.

T T

9. Use an appropriate change of variables to find the integral

/ (2 + 1)z — 2)°da.

Solution. Substituting u = x —2, u+3 = x+ 1 and du = dx, you get

/ (x4 1)@ — 20z — / (u -+ 3)uSdu — / (110 + 3u)du —

1 11 3 10

= e _— C:
11u + mu +
1 11 3 10

10. Use an appropriate change of variables to find the integral
/(290 +3)V2zx — ldx.

Solution. Substituting v =2z —1, u+4 = 2z + 3 and %du = dx, you
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get
1 1
/(2x+3)\/2m—1da: = 5/(u+4)\/ﬂdu:i/u%du+2/u%du:
1 2 2 1 4
1 4
= g(295—1)%+§(2ac—1)%+c:
1 4
= 3(29&—1)2\/23:—1—1—5(23:—1)\/29&—1—1—0:
2 1 4
= 2z —-1)vV2r -1 STty +C =
2 17
Homework

In problems 1 through 18, find the indicated integral and check your answer

by differentiation.
1. [edx [ V4z — 1dx

2.

f L_dr 4. fel_xdx
6
8

3 3m+52

5. [2xe” ldx [ (2?4 1)°dx

7. [3xvaz? +8dx o [P+ 1)ide

9. [ igpde 10.  [(x+1)(2? + 2z + 5)'%dz

1. [(32% —1)e”"dx 12. [zl gy

3. [mrepde 14 [gipmde
17. [ 2t gy 18, [<zdx

In problems 19 through 23, use an appropriate change of variables to find
the indicated integral.

19. f ﬁda: 20. fx\/ac + 1ldx

2L [ Ghpde 220 [ Hnde
23. [ 5iqdx

24. Find the function whose tangent has slope xv/x? + 5 for each value of
x and whose graph passes through the point (2, 10).

25. Find the function whose tangent has slope 13;932

whose graph passes through the point (0, 5).

for each value of z and
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26. A tree has been transplanted and after x years is growing at the rate
of 1+ e 1)2 meters per year. After two years it has reached a height
of five meters. How tall was it when it was transplanted?

27. It is projected that t years from now the population of a certain country
will be changing at the rate of €%%* million per year. If the current
population is 50 million, what will the population be 10 years from

now?

Results.

1. ?5“+C 2. t(r—-1)Vizr—1+C
3. 1n|3x—|—5|+0 4. —el*4C
5. x‘1+(] 6. +(z2+1)° +(J
7. (ac +8)\/x2 8+ C 8 Qi(x +1)i 0
9. m3+5 +C 10. 55(a*+22+5)B+C
11. e + C 12. §1n|x5 + 5zt + 100 + 12| + C
15. 11n 504 C 16. —m+c
17. 11n (2 +1)+C 18. 2eV* 4 C
19. x+ln|x—1\+C 20. 2(@z+1)°Va+l-2(@+1)Va+1+C
21 - - T C 22. ——L +Injz—4/+C

23. ZHgp—iln|2z+1]+C

24. f(z) = 3(2* +5)Va2 +5+1
25. f(z) = —3In|l —32% +5
26. % meters

3

27. 61 million
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6.3 Integration by Parts

In problems 1 through 9, use integration by parts to find the given integral.

1. [z dx
Solution. Since the factor e”'* is easy to integrate and the factor x is
simplified by differentiation, try integration by parts with

0.1z

g(z) =e"* and f(z)=1=z.
Then,
G(z) = /eo'lxdx =10 and  f(z)=1

and so

/xeo'lxdx = 10ze”* — 10 / P dx = 102’1 — 100e%1* + C =

= 10(x — 10)e** + C.

2. [(3—2x)e *dx
Solution. Since the factor e™* is easy to integrate and the factor 3—2x
is simplified by differentiation, try integration by parts with

g(x)=e" and  f(z) =3 —2z.
Then,
G(z) = /e_wdac =—€e% and f(z)=-2

and so

/(3 —2z)e dr = (3—2zx)(—e ") —2 / e “dx =
= 2z-3)e"+2"4+C=2zx—1)e "+ C.
3. [zlna?dx
Solution. In this case, the factor z is easy to integrate, while the

factor Inz? is simplified by differentiation. This suggests that you try
integration by parts with

g(z) =2 and  f(z) =Inz%

Then,
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and so
1 1,2 1
/mlnxde = —xQInxQ—/—xQ—da::—lenxQ—/xdx:
2 2 x 2
= 131:21r1952—lgc2—i—0:2952(11131:2—1)+C.
2 2 2
4. [a/1— zdx

Solution. Since the factor v/1 — z is easy to integrate and the factor
x is simplified by differentiation, try integration by parts with

glx)=+v1—2z and f(z)==z.

Then,
G(z) :/\/1—xdm:—§(1—x)% and  f'(z)=1
and so
/x\/l—xdx = —gx(l—x)%—l—%/(l—xﬁdx—
2 3 2 5
33:( x) +3< 5( x))—irC
2 3 4 5
= —gx(l—x)\/l—x—%(l—x)Q\/l—x—i—C.

5. [(z+1)(z + 2)%dx
Solution. Since the factor (z + 2)° is easy to integrate and the factor
x + 1 is simplified by differentiation, try integration by parts with

g(z)=(z+2°% and f(z)=z+1

Then,
G(z) = /(x +2)%dz = %(x +2)" and f(z)=1
and so
/(3: +1)(z +2)%dx = %(z +1)(z+2)" — %/(w +2)7dr =
1 .11 s
= ?(x+1)(x+2) —?g(a:+2) +C =
= Bt - @42 (@ +2) +C =

1
= %(733 +6)(z+2)"+C.
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6. [z3e*dx
Solution. Since the factor €2* is easy to integrate and the factor z3 is
simplified by differentiation, try integration by parts with

g(z)=e* and f(z) =2

Then,
1
G(z) = /edex = 56% and  f'(z) = 32°

1
/a:geQQde = —p3e% — §/$262xdl‘.
2 2

To find [ 2?e**dz, you have to integrate by parts again, but this time

and so

with
glr)=¢e* and f(x) ="
Then,
1
G(z) = 56236 and  f'(z) =2x
and so

1
/achzxdac = Emze% — /xe%dx.

To find [ ze**dx, you have to integrate by parts once again, this time

with

g(r)=¢e* and f(x)=n.
Then,

1

G(z) = 562”” and f'(z)=1

and so
/ 2z 2z 1 / 2x 2x 1 2z
retdr = —xe™ — e“fdr = —zxe™ — —e

Finally,

1 1 1 1

/$362md$ = —zle®® — 3 —x%e® — | Zze®® — Ze® || +C =
2 212 2 4

1
= (—x3 — §x2+ L §) e + C.
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7. [ REdy
Solution. In this case, the factor x—lg is easy to integrate, while the
factor Inz is simplified by differentiation. This suggests that you try
integration by parts with

1
g(x) = = and  f(z) =Inx.
Then,
T T , 1
Glz)= | gdv=—50?=—5— and  fl(z) =~
and so
Inz Inz 1 1 Inz 1 1
—dr = —+- | zdvr=—F+=|— C=
/x?’ v 2x2+2/x3x 2x2+2<2x2)+
Inz 1
"o a2 ¢
8. fx3em2dx

Solution. First rewrite the integrand as 22 (xe“Q), and then integrate

by parts with

2

g(x) = ze® and  f(x) = 2%
Then, from Exercise 6.2.3 you get

2

1
G(z) = /merdx = Eex and  f'(z) =2z
and so
1 1 1
/$36m2dx — 2 — /31:.8’“"2 — 2% — Ze™ +C =

2 2

1 2 z2

= §(m —1e™ +C.

9. [2*(z? —1)"dz
Solution. First rewrite the integrand as z?[z(z* — 1)'°], and then
integrate by parts with

g(z) =z(z* -1 and f(z) = 2>

Then
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Substituting u = 22 — 1 and %du = zdz, you get

1 1 1
_ 2 V00 — = [ 0y — 1 _ 2 _ 1)1
G(z) /x(x ) Vdx 2/u du T 22(3: )

Then
(2 - 1)z = i31:2(902 D 1 22(2? — 1)Hdr =

22 22
I 5 5 n 11 12

- S R o | -
pt ()T st T C
1 5 5 11 2 12

S )M (221 :
55" (x ) 264(96 )y +C

(a) Use integration by parts to derive the formula

1 n
/x”e‘”dw = g™ — = | g e .
a a

(b) Use the formula in part (a) to find [ z3e>*dx.
Solution. (a) Since the factor e* is easy to integrate and the
factor z™ is simplified by differentiation, try integration by parts

with
gx)=e* and  f(z) =2z".
Then,
ax 1 azr / n—1
G(z) = [ e¥dx = —e and  f'(z) =nzx
a
and so

1 n
/x”e‘”dw = —g"e® — = [ g™ ey,
a a

(b) Apply the formula in part (a) with a =5 and n = 3 to get

/x:”ef’xdx = lx3e5m — § /xQe‘r”‘"dx.
5 5

Again, apply the formula in part (a) with a = 5 and n = 2 to find
the new integral

1 2
/xQe‘r’xdx = 3x2e5m —F /xef’xdaﬁ.
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Once again, apply the formula in part (a) with a =5 and n =1
to get

1 1 1 1
zedr = —xe®® — = | 2%dr = —ze®® — —e*
5 5 5 25

and so

/x3e5""daﬁ =

311 2 (1 1
33'36593—— —33'26593—— —$€5m——65m 1+ O =
5|5 5 \5 25

3 6 6
<x3 — o —z— —) e + C.

G — ot~

3 25 125

Homework

In problems 1 through 16, use integration by parts to find the given integral.

1.
3.
d.
7.
9.
11.
13.
15.

17.

18.

19.

20.

fxe*mdx 2. fxe%dac
[xe 5dx 4. [(1—=z)e“dx
fa:ln 2xdzr 6. fac\/ac — 6dx
Jaz(x+1)%dz 8. [FZE=dx

T+2
f\/ﬁﬁdx 10.  [z?e"dx

xee’*dx 12. xee*dx

f 2p3z 4 f 3e%d
[2*lnade 14, [z(lnz)?dz

[ BEdy 16. [27(z*+5)%dx

Find the function whose tangent has slope (z + 1)e™* for each value of
x and whose graph passes through the point (1,5).

Find the function whose tangent has slope zIn+/z for each value of
x > 0 and whose graph passes through the point (2, —3).

After t seconds, an object is moving at the speed of te™% meters per
second. Express the distance the object travels as a function of time.

It is projected that ¢ years from now the population of a certain city
will be changing at the rate of tIn+/t + 1 thousand people per year. If
the current population is 2 million, what will the population be 5 years
from now?
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Results.
I. —(z+1)e*+C
3. —5(z+5)e 5 +C
5. z2*(ln2z—3)+C
7. sa(z+ 1)91— a5 (z + 1)103+ C
9. z(2z+1)2—-322z+1)2+C
11. %(x2—§x+§)e3x—|—0
13. %x:” Inz — %x?’ +C
15. —2(nz+1)+C

I
+
ot

17. f(z) = —(z+2)e ™+

18. f(z) =12 (Inz— 1) -5 —In2

19.
1 s(t) = —2(t+2)e 2 +4

20. 2008875

S o

@

10.
12.
14.
16.

95

—(x* + 2z +2)e*+C
(23 — 32 + 62 — 6)e* + C
sz’ (lnzx —lnz+3)+C

+xt(at +5)? — 55 (2t +5)10+ C
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6.4 The use of Integral tables

In Problems 1 through 5, use one of the integration formulas from a table of
integrals (see Appendix) to find the given integral.
dx
Mwmes
Solution. First rewrite the integrand as
1 1

Va2 +20 -3 J(w+1)2—4

and then substitute v = x + 1 and du = dx to get

/ dx B / dx _/ du

Vat+2x —3 Vic+1)2 -4 vu?—4
= ln)u+\/u2—4‘+C:1n‘x+1+\/(x+1)2—4)—|—C:
= ln’x+1+\/x2+2x—3’+0.

9 f dx
: 1—6x—3z2
Solution. First, rewrite the integrand as

1 1 1

1 1
1-60—322 1-3(2c+a%) 4-3@x+1)?2 33— (z+1)2

and then substitute u = z + 1 and du = dz to get

/ dx B 1/ dx _1/ du
1—6x—322 3/ 4—(z+1)2 3) 4wz

13. |2+u 1. |44 3u
N C=-=1 C =
38 1| TV T8 1o T
1 7+ 3x
. C.
8 1 3z

3. [(z*+ 1)2d
Solution. First rewrite the integrand as

(22 +1)2 = (2> + D)Va2 + 1 = 2>Va? + 1 + Va? + L.

Aplly appropriate formulas (see Appendix, formulas 9 and 13), to get

1
/xQ\/x2+1da:: §(1+2x2)\/x2+1—§1n r+Va2+1+C
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and
1
/\/x2+1dx— g\/x2+1+§ln‘x+\/x2+1’ +C.

Combine these results, to conclude that

3 1
/(w2+ 1)z2dx = gx(2x2 +5)/ (224 1) —l—%ln‘a:—i— Va2 + 1‘ +C.

2—3e~ 2
Solution.Aplly appropriate formula (see Appendix, formula 23), to get
/ dz 1 / dz 11 3z 3 ! 2 g | e
_— ey _— —_— = —— —_—— — - mn|{—— (& ey
2 -3¢ 3) —24e= 3| 2 2 3
z 1. 12—3e”" z 1 |
Since the expression £ In|—3| is a constant, you can write
dx x 1
———— =—+—-In|2—-3¢" :
/2—36_93 y T2 -3+ 0

5. [(Inz)3dx
Solution. Aplly the reduction formula (see Appendix, formula 29)

/ (Inz)"dr = z(lnz)" —n / (Inz)" 'dx

to get

/ (mz)de — z(nz)®—3 / (Inz)2dz =

z(lnz)® -3 (x(lna:)2 —2 /(lnx)da:) =

z(lnz)® - 3z(lnx)* +6 <x Inz — /da:) =

= z(lnz)® - 3z(Inz)? + 6rlnx — 62 + C.

Homework

In Problems 1 through 10, use one of the integration formulas listed in this
section to find the given integral.

L. f % 2. 4zi()’gw5

3. f \/x2+25 4. f \/9x2

5. 1 &32 6. 31579

7. 3w2—T—2w 8. f x2—x:c

9. fm e3dr  10. fac:”e*mdac
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Locate a table of integrals and use it to find the integrals in Problems 11
through 16.

1. [ 2 12. [ \/”%dx
13. [(In2z)*dz 14. [ 37
z\/2x+5

15, [ R 16. [——=Z—

Va—x2 V3x2—62+2
17. One table of integrals lists the formula

/ dx T+ \/2? £ p?
a2 £ p? D

while another table lists

dx
/ \ 12 + p?

Can you reconcile this apparent contradiction?

:ln’x+ x2 £+ p?

18. The following two formulas appear in a table of integrals:
/ dx 1

——=—1In
p*—a*  2p

/ dx 2 I | @ +xv/—ab
= n

a+bx?  2\/—ab |a— x\/—ab

(a) Use the second formula to derive the first.

(b) Apply both formulas to the integral [ 5%-5. Which do you find
easier to use in this problem?

ptx
p—x

and

(for —ab>0).

Results.
1. —%ln‘%m_g‘—l—C 2 —2—30111}#‘—1-0
3. In|z++Va22+25|+C 4. %1n‘x+ xQ—%)+C

1 24w 1 V3+a

5 1ln(3)+C 6. —5aln| Y +C
. dnfga|+C s |20
9. 1(a*-2z+32)e+C 10. — (23 +322+62+6)e®+C
1. —ilm)2-23+C 12. 12z +4)V2r+4+/(25+4)+C
13. z(In2z)° —2zxIn2z+2z+C 14 L\/— n \/—V;zerr% +C

15. —\/E—a)+C 16. Ln ‘m—l—i—
17. ln(%) =Ilna—1Inb

8. +In[3422| 4+ C

2
§+C
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6.5 The Definite Integral

In problems 1 through 7 evaluate the given definite integral

1.

fli% (et —e ) dt

Solution.
2 t t t t\ |2 2 2 Ini Ind
/ (e"—e)dt = (e —1—6_)11:6 +e " —e"2 —e "2 =
ln% T2
= te?—elr M=t te? - 2=
= e’ 4e?
.ff3(2x+6)4dx

Solution. Substitute v = 2z + 6. Then 3du = dz, u(—3) = 0, and
u(0) = 6. Hence,

0 I 1
/ (27 + 6)*dr = —/ utdu = —u®
, 2 Jy 10

2,2
i @nzde

Solution. Substitute u = 2® + 1. Then idu = 2?dz, u(1) = 2, and
u(2) = 9. Hence,

2 2 1 [ 1 1 1 7
/ L dr= —/ uldu = ——
1 (x3+1)2 3 /5 3u

TR

.feQ L_dx

e zlnzx

Solution. Substitute u = Inz. Then du = dz, u(e) =1, and u(e?) =
2. Hence,

2

<1 2d
/ dx—/ —uzln\u||§:ln2—lnlzln2.
e 1 U

rlnzx

. [£ tin2tdt

2
Solution. Since the factor t is easy to integrate and the factor In 2t is
simplified by differentiation, try integration by parts with

gt)y=t and  f(t)=1In2t
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Then,

and so

e

2 1
/2t1n2tdt = §t21n2t‘
1

N

1 (3 1 1.2
—5/ tdt = —t’1In2t — —t?| =

1 1 2 4 1
2 2 2 2
1, 1, 1 11, 1, 1
— 2?lme— —e? — —lnl 4 — = —e? — —? i — =
gCMET Y T T T8 T 16° T 6
1, 1 1,
S - — 1).
¢ "6 16¢ TV

6. fol r?e?®dx
Solution. Apply the reduction formula [ z"e*dx = a2 [ g™ e dy
twice to get

1 1 1 1
/xze%dx = g™ —/ xe¥dr =
0 2 0 0
1 | gt
— _$2€2:c . _x62x +_/ 62xdl‘:
27, 2 |, 2
1 ! 1 11 !
— (§$262m 2x62m+162x) 0: (51‘2—5%—'—1) eQm 0:
1 1 1\, 1, 1, 1 1,
— —_ — = — _— = —_ — —_—_- = = —1
(2 2 4)6 1©71° 171 Y

7. [P te T dt
Solution. Integrate by parts with
g(t) = e  and flt)=t
Then,
G(t) = /e%dt =20 ® and f(t)=1
and so

+15

> _b—t 5t 5 5t 5t 5=\ |®
te-mdt = 20te m| —20 | e mdt— (20te % — 400e 20)) _
0 0 0 0

N

= 20(t—20)e ™

5
=20 (=15)e? —20 - (—20)e~
0

— 300 4 400e" = 100 (46—% _ 3) .
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9.

(a) Show that f: f(@)dz + [ f(z)dz = [T f(z)dz.
(b) Use the formula in part (a) to evaluate f_ll || dz.
(c) Evaluate f04(1 + |z — 3])*dz.

Solution. (a) By the Newton-Leibniz formula, you have
b c
[ rass [ j@)s = )~ Fla)+ Plo) - Flb) -
a b

+ F(c
= F(c)— F(a) :/cf(x)dx.

(b) Since |z| = —z for z < 0 and |z| = z for x > 0, you have to
break the given integral into two integrals

0 0 1
/ |z| dz = / (—2)dr = —=2*
1 1 2
1 1 1
/ || dz = / rdr = ~2°

0 0 2 0

1 0 1 1 1
/|x\dx—/ \x|dx+/ elde =~ +1-1.
L . : 213

(c) Since |x—3|=—z+3forx <3and|zr—3| =2—3forz > 3,
you get

and

Thus,

/04<1+|x—3\>2dx = /03[1+(—x+3)]2dx+/34[1+(x_g)]2dx_
= /03(—$+4)2dx+/34(a:—2)2dg;:

3 4

1 1
—  _(_ 43 - _23
S|+ 2|

1 64 8 1 70

3737373 3

(a) Show that if F' is an antiderivative of f, then

/ f(=z)dz = —F(=b) + F(—a)
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(b) A function f is said to be even if f(—z) = f(x). [For example,
f(z) = 2% is even.] Use problem 8 and part (a) to show that if f

is even, then . .
/ f(z)dz = 2/ f(z)dz
—a 0

(c) Use part (b) to evaluate f_ll |z| dz and f_22 r?dz.

(d) A function f is said to be odd if f(—z) = —f(z). Use problem 8
and part (a) to show that if f is odd, then

/_C; f(z)dz = 0.

(e) Evaluate f_lfg r3dz.
Solution. (a) Substitute v = —z. Then du = —dz, u(a) = —a
and u(b) = —b. Hence,

[ sy == [ fldn = ~F@[ = ~F(-8) + F(=a).

(b) Since f(—z) = f(x), you can write

a 0 a
f(z)dx = f(—x)dx—i—/ f(z)dz.
a —a 0
By the part (a), you have

| f(ma)de = —F(0) + F(=(-a)) = Fla) - F(0) =

_ /0 " Fw)da,

/_ F@)da = 2 /0 " F(@)da.

(c) Since f(z) = |z| is an even function, you have

1 1 1
/ \x|dx—2/ \x|dx—2/ xdx:xz}ézl—():l.
-1 0 0

Analogously,

2 2 9
/ 22dr = 2/ 22dr = =23
9 0 3

Hence,

2
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(d) Since f(—z) = —f(x), you can write

' f(l')dl‘ = — B f(—l‘)dx + /(;a f(x)dx =
= F(0) = F(a) + F(a) — F(0) = 0.

(e) Since f(x) = 23 is an odd function, you have

12
/ 23dr = 0.
12

10. It is estimated that ¢ days from now a farmer’s crop will be increasing

at the rate of 0.3t* + 0.6t + 1 bushels per day. By how much will the
value of the crop increase during the next 5 days if the market price
remains fixed at 3 euros per bushel?

Solution. Let Q(t) denote the farmer’s crop t days from now. Then
the rate of change of the crop with respect to time is

aq
dt

and the amount by which the crop will increase during the next 5 days
is the definite integral

=0.3t> 4+ 0.6t + 1,

5
Q(B)— Q) = / (0.3t + 0.6t + 1) dz = (0.16* + 0.3¢2 + 1) |) =
0
= 12,5+ 7.5+ 5 = 25 bushels.

Hence, the value of the market price will increase by 25 -3 = 75 euros.

Homework

In problems 1 through 17, evaluate the given definite integral

fol (* =32+ 1)dx 2. [° (325 —32% + 22 — 1) du

[Fe+2t+3)dt 4. [ ( ) dt
J (Ut gt p)de 60 [ St
06 2?(x — 1)dx 8. f1 (2x — 4)°dx
s mdt 10 [)(#2 + )V + 262 + 1dt
x e+l g
fo =dr 12. > —2-dx
JEE+1)(t—2)%dt 14, ff Intdt
2 —r lnx
f72 re *dx 16. f1 -~

%20 + t)e 01t
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18. A study indicates that x months from now the population of a certain
2

town will be increasing at the rate of 5+3z3 people per month. By how

much will the population of the town increase over the next 8 months?

19. It is estimated that the demand for oil is increasing exponentially at
the rate of 10 percent per year. If the demand for oil is currently 30
billion barrels per year, how much oil will be consumed during the next
10 years?

20. An object is moving so that its speed after ¢ minutes is 5 + 2t + 3t>
meters per minute. How far does the object travel during the 2nd

minute?
1 Hepults 2. -1 3. 144 4. 4
: 20 : 2 : : 3
5 £+m3 6. 2 7. 252 8. -4
9. 3 10. % 11. 3In2 12. e
13. & 14 +1 15. —3e%—¢? 16. £
17. 152.85 18. 98 people 19. 515.48 billion barrels 20. 15 meters
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6.6 Area and Integration
In problems 1 through 9 find the area of the region R.

1. R is the triangle with vertices (—4,0), (2,0) and (2,6).
Solution. From the corresponding graph (Figure 6.1) you see that the
region in question is bellow the line y = z + 4 above the z axis, and
extends from x = —4 to x = 2.

Figure 6.1.

Hence,

2 1
A= / (x +4)dx = <§x2 + 490)
—4

2. R is the region bounded by the curve y = e, the lines z = 0 and
r=1In %, and the x axis.
Solution. Since 1n% =Inl—-—In2 = —In2 ~ —0.7, from the cor-
responding graph (Figure 6.2) you see that the region in question is
bellow the line y = e* above the z axis, and extends from = = ln% to
xz =0.

2

= (2+8)— (8—16) = 18.

—4

2,
-1 -In2 0 1 X

Figure 6.2.
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Hence,

N | —
DO

0
0 1
A:/ edr = e"|) 1 =" — ez =1
1 2

1
n3

3. R is the region in the first quadrant that lies below the curve y = z2 +4

and is bounded by this curve, the line y = —x + 10, and the coordinate
axis.
Solution. First sketch the region as shown in Figure 6.3. Note that
the curve y = 22 + 4 and the line y = —x + 10 intersect in the first
quadrant at the point (2,8), since z = 2 is the only positive solution of
the equation 22 +4 = —x + 10, i.e. 22 + 2 — 6 = 0. Also note that the
line y = —x + 10 intersects the z axis at the point (10,0).

\y
10

\2,

Figure 6.3.

Observe that to the left of x = 2, R is bounded above by the curve
y = x? + 4, while to the right of z = 2, it is bounded by the line
y = —x + 10. This suggests that you break R into two subregions, R;
and R, as shown in Figure 6.3, and apply the integral formula for area
to each subregion separately. In particular,

2
A = / (2% +4)dx = <%x3 + 4x)
0

10
= —50+100+2—20 = 32.
2

28 32

0

and

10 1
Ay = / (—x+10)dz = (—ExQ + 10m)
2

Therefore,

32 128
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4. R is the region bounded by the curves y = 2% + 5 and y = —a?, the
line z = 3, and the y axis.
Solution. Sketch the region as shown in Figure 6.4.

y
15;
y=X*+5
10
M"/
-Wo ‘
51

e

Figure 6.4.

Notice that the region in question is bounded above by the curve y =
22 4+ 5 and below by the curve y = —2? and extends from z = 0 to
xr = 3. Hence,

3

= 18415 = 33.
0

A= /0 (@ 45) () — /0 (202 45)d — (§x3 +5x>

5. R is the region bounded by the curves y = 2? — 2z and y = —a? + 4.
Solution. First make a sketch of the region as shown in Figure 6.5 and
find the points of intersection of the two curves by solving the equation

22 —2r=—22+4 ie 222 —-2x—4=0

to get
r=—1 and 1z =2.

The corresponding points (—1,3) and (2,0) are the points of intersec-
tion.

y=X2-2X

Figure 6.5.
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Notice that for —1 < z < 2, the graph of y = —2? + 4 lies above that
of y = 22 — 2. Hence,

A = /_2 [(—2* +4) — (2% — 27)]dx = /2(—2952 + 22 +4)dr =

1 -1

2
= <—§x3 + 2%+ 495)

6. R is the region bounded by the curves y = 22 and y = \/z.
Solution. Sketch the region as shown in Figure 6.6. Find the points of
intersection by solving the equations of the two curves simultaneously

to get ,
=y 2*—\r=0 Vr(zz —1) =0

=20 and r=1.

2 16

2
= 44+48-Z_1+4=09
L3 3

The corresponding points (0,0) and (1, 1) are the points of intersection.

y
31 y=x?
2 y=\x
o :
2 1 0 1 2 3 X"
Figure 6.6.

Notice that for 0 < z < 1, the graph of y = /x lies above that of
y = z2. Hence,

A= /01(\/5 — 2%)dx = <§x - %x?’)

(a) R is the region to the right of the y axis that is bounded above by
the curve y = 4 — 2% and below the line y = 3.

1

1

1
3

2
o 3

(b) R is the region to the right of the y axis that lies below the line
y = 3 and is bounded by the curve y = 4 — 22, the line y = 3, and
the coordinate axes.
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Solution. Note that the curve y = 4 — 22 and the line y = 3
intersect to the right of the y axis at the point (1, 3), since z =1
is the positive solution of the equation 4 — 2% = 3, i.e. 2% = 1.
(a) Sketch the region as shown in Figure 6.7.

Y| y=4-x?
4

y=3
3 :

-3 /—2 -1 0 1 2\ X

Figure 6.7.

Notice that for 0 < z < 1, the graph of y = 4 — 22 lies above that
of y = 3. Hence,

A= /01(4—x2—3)dx = /01(1—x2)dx = <ac - %1:3)

(b) Sketch the region as shown in Figure 6.8.

1

1 2
3 3

0

Y| y=4-x*

2
y=3

3 /—2 1 0 1 2\ x
Figure 6.8.

Observe that to the left of x = 1, R is bounded above by the
curve y = 3, while to the right of x = 1, it is bounded by the line
y = 4 — 2. This suggests that you break R into two subregions,
Ry and Ry, as shown in Figure 6.8, and apply the integral formula
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for area to each subregion separately. In particular,

1
Al—/ 3dr = 3z|; =3
0

and
2 1\ 1 5
Agz/(4—x2)dx:(4x——x3> =8—-—4+-=,
1 1 3 3
i 5 14
A=A +A,=3+ - =—.
1+ As +3 3

7. R is the region bounded by the curve y = ?12 and the lines y = x and

y=5

Solution. First make a sketch of the region as shown in Figure 6.9
and find the points of intersection of the curve and the lines by solving
the equations

Figure 6.9.

Then break R into two subregions, R; that extends from z = 0 to
x = 1 and R, that extends from x = 1 to x = 2, as shown in Figure
6.9. Hence, the area of the region R; is

1 1
A = (x — f) dr = Zacdac = 1352
0 8 0 8 16

T

, 16
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and the area of the region R, is

271 1 1
i [ (D) i (L)
1 \T 8 z 16

Thus, the area of the region R is the sum

2

1

12 3
A=A+ Ay = 61
. R is the region bounded by the curves y = 23 — 222 + 5 and y =
2?2 +4z — 7.
Solution. First make a rough sketch of the two curves as shown in
Figure 6.10. You find the points of intersection by solving the equations
of the two curves simultaneously

=222 4+5 = 22+4x—7 22 =322 —4x+12=0
2*(r—3)—4(x—-3) = 0 (x—3)(x —2)(x+2)=0

to get

Figure 6.10.

The region whose area you wish to compute lies between x = —2 and
x = 3, but since the two curves cross at * = 2, neither curve is always
above the other between xr = —2 and z = 3. However, since the curve
y =% — 22?4+ 5is above y = 2% +42 — 7 between r = —2 and x = 2,
and since y = 2% + 4z — 7 is above y = x® — 222 + 5 between z = 2
and x = 3, it follows that the area of the region between r = —2 and
T =2,1s
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2
/ [(x3—2x2+5) — (x2+4x—7)]dx:
—2
2
/ (x3—3x2—4x+12)d9&:
—2
2

a2t — a2 — 2% + 12x)

1
4 -2
= 4—-8—-84+24—-4—-8+8+424=32

and the area of the region between z = 2 and x = 3, is
3
Ay = / [(3:2+4x—7) — (x3—2x2+5)}dx:
2

3
— / (—2® + 32% + 4z — 12) dz =
2

3

1
= <——x4 + 2% 4+ 222 — 12m)
4 2

81
— T 427T+18-36+4—8—8+24=

4

81 3
= 2 421="1,

i 4

Thus, the total area is the sum

3
A=A1+A4A,=32+—-=—.
1+A2=3 +4 1

Homework

In problems 1 through 20 find the area of the region R.

1. R is the triangle bounded by the line y = 4 — 3z and the coordinate
axes.

2. R is the rectangle with vertices (1,0), (—2,0), (—2,5) and (1,5).

3. R is the trapezoid bounded by the lines y = x 4+ 6 and z = 2 and the
coordinate axes.

4. R is the region bounded by the curve y = \/x, the line 2z = 4, and the
T axis.
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5. R is the region bounded by the curve y = 423, the line z = 2, and the
T axis.

6. R is the region bounded by the curve y = 1 — 22 and the z axis.

7. R is the region bounded by the curve y = —2? — 6z — 5 and the z axis.

8. R is the region in the first quadrant bounded by the curve y = 4 — 22
and the lines y = 3 and y = 0.

9. R is the region bounded by the curve y = y/z and the lines y = 2 — z
and y = 0.

10. R is the region in the first quadrant that lies under the curve y = %
and that is bounded by this curve and the lines y = z, y = 0, and
r = 8.

11. R is the region bounded by the curve y = 2* — 2z and the x axis. (Hint:
Reflect the region across the = axis and integrate the corresponding
function.)

12. R is the region bounded by the curves y = 22 +3 and y = 1 — 22
between x = —2 and z = 1.

13. R is the region bounded by the curve y = €* and the lines y = 1 and
=1

14. R is the region bounded by the curve y = 2? and the line y = =.

15. R is the region bounded by the curve y = 22 and the line y = 4.

16. R is the region bounded by the curves y = 23 — 62% and y = —22.

17. R is the region bounded by the line y = z and the curve y = 3.

18. R is the region in the first quadrant bounded by the curve y = 22 + 2
and the lines y = 11 — 8z and y = 11.

19. R is the region bounded by the curves y = 2?2 — 3z + 1 and y =
—2? 4 22 + 2.

20. R is the region bounded by the curves y = 23 — z and y = —2? + x.

Results.

1. % 2. 15 3. 14 4. 13—6 5. 16

6. 3 7.2 8. ¥ 9. I 10.  8(1+1n4)

11. 3 12. 12 13. e—2 14. ¢ 5. 2

625 1 40 11 37

16. 53 17. 5 8. 3 19. $v33 20. %3



