Worksheet 4.10  Sigma Notation

Section 1 FACTORIAL NOTATION

Factorial notation is a shorthand way of writing the product of the first n positive integers.
That is for any positive integer n, the notation n! (which is read as ‘n factorial’) is defined to

be
nl=nxm—-1)xn—-2)x...x3x2x1

In addition, we define 0! = 1.

Example 3 : What is 4!7
A/ =4x3x2x1=24

Example 4 : What is 5!7
Bl=5x4l=5x4x3x2x1=120

7!
Example 5 : Evaluate o
70T X6 x5!

a 51 =Tx6=142

Exercises:

1. Evaluate 9!

!

2. Evaluate 5—
2131

Section 2 INTRODUCTION TO SIGMA NOTATION
Sigma notation is used as a convenient shorthand notation for the summation of terms.

Example 1 : We write
5

Zn=1+2+3+4+5.

n=1



Here the symbol ¥ (sigma) indicates a sum. The numbers at the top and bottom of sigma are
called boundaries and tell us what numbers we substitute in to the expression for the terms
in our sum. What comes after the sigma is an algebraic expression representing terms in the
sum. In the example above, n is a variable and represents the terms in our sum.

Example 2 :
5
> onP=10428 438 4 4% 4 5%,
n=1
Example 3 :
5
> nP =304 4% 4 5%
n=3
Example 4 :

5 5
Note that we have Z n= Z 1. The n and the 7 just play the role of dummy variables.

n=1 =1

We can also work the other way. Sometimes our sum has a pattern which enables us to write
the sum usnig sigma notation.

Example 5 : Write the expression 3+ 6+ 9+ 12+ --- + 60 in sigma notation.

e notice that we are adding multiples of 3;
30
e so we can write this sum as Z 3n.

n=1

Example 6 : Write the expression 1 + 71 + % + % 4+ -+ ﬁ in sigma notation.

e notice that we are adding fractions with a numerator of 1 and denominators
starting with 1 in the first term and then increasing by 3 in each subsequent
term;

e i.e. the denominator can be represented by 3k + 1 for k =0,1,...,n;



n

1
e so we can write the sum as E
k=0

3k+1

We can also use sigma notation when we have variables in our terms.

Example 7 : Write the expression 3z + 62% + 923 + 122* + - -+ + 602?° in sigma
notation.

e note from Example 5 the numbers are multiples of 3 and can be represented
by 3n where n =1,2,...,20;
e we also have powers of x which increase by 1 in each subsequent term;
20
e so we can write this sum as Z 3nx".

n=1

The numbers in front of the variables are called coefficients. In Example 7 the coefficients of
x is 3 and the coefficient of 22 is 6.

Example 8 : Write the expression 1 + 5;—? + % + f).—(; + -4 (%n), in sigma notation.

e here the powers of x are even numbers which can be represented by 2k for
kE=0,1,...,n;
e the denominators are also even numbers but with factorials;

ka

(k)

n
e so we can write this sum as E
k=0



Exercises:
1. Write out each of the following sums.

(a) Y n* (b)

kE+1
k

3
[
I\
X
(-
w

S

(0 Y 2i-1)

2

2

2. Express each of these sums using sigma notation.

(a) 1+4+9+16+25+ 36 ()
(b)3—5+7 9+11—-13+15 (h)
© s+5+s+tntuts (i)
(d) 2+23+2+---+125

() 2 _22+23 24 | ... 4 920t §)
(f) 223 + 42 4 627 + - - - + 302 (k)

2 z°
A

5!

3z + 72?4+ 1123 + 152* + 192° + 2325
8% +102° + 1225 + - - - 4+ (2n + 2) 2"
122* 4+ 202° + 3025 + - - - + n(n — 1)a"

7 29 2199

T
4 5+ +100

Section 3 FINDING COEFFICIENTS

Sigma notation is a useful way to express the sum of a large number of terms. When we want
to find particular terms or coefficients, we don’t always have to expand the whole expression

to find it.

8
Example 1 : Find the coefficient of z* in Z(4k¢ + 3)x*

k=0

e the terms in this sum look like (4k + 3)2*

e the terms with z* occurs when k = 4 i.e. (4(4) + 3)z* = 192%;

e the coefficients of z* is 19.

8
Example 2 : Find the coefficient of 27 in 2(4]6 + 3)2" 2,

k=0

e a typical term is of the form (4k + 3)x**2;



e the term with 27 occurs when k +2 =7, i.e. k = 5;

e we have (4(5) + 3)a°™2 = 2327;

e the coefficients of z7 is 23.

8
Example 3 : Find the coefficient of 2% in (3 + z) 2(4/{ + 3)a”.

k=0

8 8
e we can think of this as 3 Z(4k +3)2" + 2 Z(4k + 3)z";

k=0

e the term with 22 can be obtained by taking k = 2 from the first part of this
expression to get 3(4(2) + 3)z* = 332? and then taking k = 1 from the second
part of this expression to get x(4(1) + 3)z! = 722,

e combining these we get 3322 + 722 = 4022,

e so the coefficient of 22 is 40.

Exercises:

1. Find the coefficients of 2% and 2% in the following.

10
r+1 ,
(a) Z oy
r=0 ’
15

(b) Y k(k + 1)z




Exercises for Worksheet 4.10

1. Write out each of the following sums.

7 8 n+1
k—1
(a) > r*(—a)" (b) Y P 11;% () Y k(k— 1)z
r=0 k=3 k=1
2. Write each of the following series in sigma notation.
@ 1-3+}-h+k-4
(b) 7—10+13—-16+---+ 31
(c) 45 +6>+ 7+ -+ (n+2)?
(d) %+$+$+”'+(n+15)i
(e) 322+ 6x* + 925 + 1228 + - - - 4 362
(f) a7+ 2l 22 g2
(g) 5x —92% + 1323 — 172t + -+ — 41219
(h) 3a® + 32" + Lo + 428 + -« 4 a2
(i) 62' + 7o + 8210 + 92" + - .- + (n 4 1)z 2
3. Find the coefficient of z, 2 and 27 in the following expressions.
n (_1)k$k—2 ) n (_1)k+1 .
A d _
"L (3x)k3 " k
b) > T (&) (5+2%) Y =t
—~ (k+1) kz:; (2k + 1)!
k-1
9 K—1
(c) ( +x)§k+1x

4. Simplify the following expressions.

(a) > K —(k+1)



Answers for Worksheet 4.10

Section 1
1. 362880 2. 10
Section 2
1. (a) 1*+2*+3*+5*+6*
(b) 3+3+5+5+7
() 3+5+7+9+---+(2n—-1)
(d) 2+ 4z + 82?4+ 1623 + - - - + 2" H1g"
x 2?2 23 —1)"z"
@ 1=5+% 5+ + 51
6 2n+1
2. (a) > n (€) Y (—1)Ftiok
n=1 k=1
8 15
(b) Y (-1)"(2n - 1) () > 2na®t!
n=2 n=1
5 5
1 anrl
—1)\"
© X5y ® 0
n k + 1 5
d - h 4 n+1
@ 3 () 3 an +3)a
Section 3
1 (a) 2?:3, a%:3 (c) %3, ab:—7

Exercises 4.10

1. (a) —z+42% — 923 + 162* — 252° + 3625 — 4927
(b) %ZC‘S + %xg + 4611,10 + %I12 + gxlﬁl + gw16
(c) 22% + 62° + 12212 + 202" + - - - + n(n + 1)2®" 3

n

(1) ) (2K +2)z**!

() D k(k—1)a"

99 (_1)n+1x2n+1

D

n=1



3

6
(-1 PR
(a) ; n2 (d) — (k+5)!
8 1
() S (-1)"(3n+7) (e) D 3na™
n=0 n=1
n ) 1 x2n+7
© S k+2) Chyr=
k=2 n=0
(a) x: —ﬁ, x3 —ﬁ, x’ —%
7
(b)m:%, x3:§—g, x7:132—1
4 .31
(c) x: -1, a*: 3 x’ T
@b Bk )
(€ z: 2 +g, 2 :f+a 27§+

10

(8) > (~1)"'(dk + 1)a*

k=1

n k:lj'k_Q

k=5
n+1

k=6



