Worksheet 2.6 Factorizing Algebraic Expressions

Section 1 FINDING FACTORS

Factorizing algebraic expressions is a way of turning a sum of terms into a product of smaller
ones. The product is a multiplication of the factors. Sometimes it helps to look at a simpler
case before venturing into the abstract. The number 48 may be written as a product in a

number of different ways:
48 =3 x16=4x12=2x24

So too can polynomials, unless of course the polynomial has no factors (in the way that the
number 23 has no factors). For example:

22— 622+ 120 -8 = (v —2)’ = (z - 2)(z — 2)(x — 2) = (v — 2)(2* — 4w + 4)

where (z — 2)3 is in fully factored form.

Occasionally we can start by taking common factors out of every term in the sum. For example,
3vy + 9ry* + 62°y = 3ay(1) + 32y(3y) + 37y (27)
= 3zy(1+ 3y + 22)

Sometimes not all the terms in an expression have a common factor but you may still be able
to do some factoring.

Example 1 :
9a*b + 3a* + 5b+ 5b*a = 3a*(3b+ 1) + 5b(1 + ba)
Example 2 :
102° + 52 +2vy +y = bz(2x+1) +y(2z+1) Let T=2x+1
= baT +yT
= T(5z +y)

= (22+1)(5x +y)

Example 3 :

22 4 2zy + 52 + 102%y = x(x + 2y) + 5% (z + 2y)
(o + 52%)(& + 29)
= a(1+5z)(z + 2y)



Exercises:

1. Factorize the following algebraic expressions:

(a) 6x + 24
(b) 82% — 4z
(c) 6:cy + 1022 y
(d) m
(e) 62% + 8z + 12yx
For the following expressions, factorize the first pair, then the second pair:
(f) 8m? —12m + 10m — 15
(g) 2+ 5z + 22 + 10
(h) m?* —4m +3m — 12
(i) 2> — 4t +t —2
(j) 6y* — 15y + 4y — 10

Section 2 SOME STANDARD FACTORIZATIONS

Recall the distributive laws of section 1.10.

Example 1 :
(x+3)(x—3) = x(xr—3)+3(x—3)
= 22 -3r+32-9
= 229
2232
Example 2 :

(x4+9)(x—9) = z(x—9)+9(x—-9)
= 2 —9z+ 97 — 81
= 2 -8l

22— 9?
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Notice that in each of these examples, we end up with a quantity in the form A% — B2, In
example 1, we have

A2 —-B?> = 22-9
= (x+3)(x—3)

where we have identified A = 2z and B = 3. In example 2, we have

A2 —-B?> = 2?>-381
= (x+9)(x—-9)

where we have identified A = x and B = 9. The result that we have developed and have used
in two examples is called the difference of two squares, and is written:

A*— B*=(A+ B)(A- B)

The next common factorization that is important is called a perfect square. Notice that

(x+5)? = (z+5)(z+5)
= xz(x +5)+5(x+5)
= 2°+ 51+ 51+ 25
= 2>+ 102+ 25
= 22 4+ 2(5z) + 5°

The perfect square is written as:
(x +a)* = 2° + 2ax + d*
Similarly,

(r—a)® = (z—a)(z—a)

z(r —a) —a(r —a)

x2—ax—ax+a2

= 22— 2ax +ad®

For example,
(z—-7?% = (z-")(xz—-7)
= x2(z—=7)=T(x-"7)
= 22— T —To+ 7
= 2% — 14z + 49
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Exercises:

1. Expand the following, and collect like terms:
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(a) (z+5)(x +5) (e) (2m + 5)(2m + 5)
(b) (z+9)(z+9) (f) (t+10)(t + 10)
(c) (y—2)(y—2) (2) (y+8)?

(d) (m —3)(m —3) (h) (t+6)°

4. Factorize the following:

(a) y* — 6y +9 (e) m? + 16m + 64
(b) 22 — 10z + 25 (f) £2 — 30t + 225
(c) 2%+ 8z + 16 (g) m* —12m + 36
(d) 2 + 20z + 100 (h) ¢* + 18t + 81
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Section 3 INTRODUCTION TO QUADRATICS

In the expression 5t% + 2t + 1, t is called the variable. Quadratics are algebraic expressions of
one variable, and they have degree two. Having degree two means that the highest power of
the variable that occurs is a squared term. The general form for a quadratic is

ax® +br +c

Note that we assume that a is not zero because if it were zero, we would have bz + ¢ which is
not a quadratic: the highest power of x would not be two, but one. There are a few points to
make about the quadratic az? + bz + c:

1. a is the coefficient of the squared term and a # 0.
2. b is the coefficient of x and can be any number.

3. ¢ is the called the constant term (even though a and b are also constant), and can be
any number.

Quadratics may factor into two linear factors:
ar® +br+c=a(x +k)(z +1)

where (z + k) and (x + 1) are called the linear factors.

Exercises:

1. Which of the following algebraic expressions is a quadratic?

(a) 2% — 3z +4 (c) 2% — 6z +2 (e) 22 —4
(b) 42% + 62 — 1 (d) Z+2z+1 (f) 622
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Section 4 FACTORIZING QUADRATICS

Before we start factorizing quadratics, it would be a good idea to look for a pattern.

(z+2)(x+4) = 2 +4ov+27+8
2% + 62 + 8

Notice that the numbers 2 and 4 add to give 6 and multiply to give 8.

(x+5)(x—3) = 2> —3x+5r—15
= 2’ +22—-15

Notice that the numbers 5 and —3 add to give 2 and multiply to give —15.

Let’s try to factorize expressions similar to those above, where we will start with the expression
in its expanded out form. To factorize the expression x? + 7z + 12, we will try to find numbers
that multiply to give 12 and add to give 7. The numbers that we come up with are 3 and 4,

SO we write
2+ T+ 12 = (v +3)(x + 4)

This equation should be verified by expanding the right hand side.

Example 1 : Factorize x? + 9z + 14.

We attempt to find two numbers that add to give 9 and multiply to give 14, and
the numbers that do this are 2 and 7. Therefore

2+ 9r+ 14 = (z+2)(z+7)

Again, this equation shouldn’t be believed until the right hand side is expanded,
and is shown to equal 22 + 9z + 14.

Example 2 : Factorize 22 + Tz — 18.

We attempt to find two numbers that add to give 7 and multiply to give —18
(notice the minus!). The numbers that do this are —2 and 9. Therefore

2+ 70— 18 = (z — 2)(x + 9)

This equation shouldn’t be believed until the right hand side is expanded, and is
shown to equal 2% + 7o — 18.
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Exercises:

1. Factorize the following quadratics:

(a) 22 + 4z +3 (f) 2% — 14z + 24
(b) z* + 15z + 44 (g) #? — Tz + 10
(c) %+ 11z — 26 (h) z* — 5x — 24
(d) 2%+ Tz — 30 (i) x* +2x —15
(e) 2* + 10z + 24 (j) z* =2z —15

The method that we have just described to factorize quadratics will work, if at all, only in the
case that the coefficient of 22 is 1. For other cases, we will need to factorize by

1. Using the ‘ACE’ method, or by

2. Using the quadratic formula

The ‘ACE’ method (pronounced a-c), unlike some other methods, is clear and easy to follow,
as each step leads logically to the next. If you can expand an expression like (3x + 4)(2x — 3),
then you will be able to follow this technique.
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Example Factorize 622 — x — 12

1: Multiply the first term 622 by — 7222
the last term (—12) (—9z)(8x) = —T2z>

-9z +8x=—z
2: Find factors of —72z2% which

add to —z.

3: Return to the original ex-
pression and replace —z with
—9z + 8. 622 — 2 — 12

= 62° — 9z + 8r — 12

= 3z(2z —3) +4(2z - 3)

= (22 —3)(3x+4)

4: Factorize (62°—9x) and (8x—
12).

5: One common factor is (2z —
3). The other factor, (3x+4),
is found by dividing each term

by (2z — 3).
. o (3x +4)(2x — 3)
6: Verlf'y the factorization by ex- — 30(20 — 3) +4(2 — 3)
pansion

= 62— 9z +8x— 12
62—z — 12

Example 3 : Factorize 422 + 21z + 5.

1. Multiply first and last terms: 422 x 5 = 2022

2. Find factors of 2022 which add to 21z and multiply to give 202%. These are
20x and z.

3. Replace 21z in the original expression with 20z + x:
422 + 21 +5=42> + 200+ + 5
4. Factorize the first two terms and the last two terms

42° + 20z + x4+ 5 = 4x(x +5) + (x + 5)
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5. Factorize further:

dr(x +5) 4+ (x +5) = (x +5)(4e + 1)

Exercises:

1. Factorize the following quadratics using the ‘ACE’ method:

(a) 222 + 11z + 12 (f) 22 — 52 —3
(b) 32 + 16z +5 (g) 32? — 10x — 8
() 622 + 17 + 12 (h) 322 — 11z — 20
(d) 22 +9z + 10 (i) a2+ 17z +6
(e) 1227 + 11z + 2 (j) 102* + 19z +6

Section 5 THE QUADRATIC FORMULA

When there is no obvious whole-number solution to the quadratic factorization, the quadratic
formula must be used. It can be shown by the method of completing the square that the
solutions to az? + bx + ¢ = 0 are given by

—b 4+ V0?2 — 4ac

2a

xr =

If we let the roots be k and [, say, then

—b+ Vb? — 4ac

k: p—
2a
;o —b— Vb — 4dac
a 2a

Then
ar® +br +c=a(x — k)(x —1)

When factorizing using this method be sure to multiply throughout by the coefficient of z2.
Example 1 : Factorize 2%+ 5z + 3. We try the ‘ACE’ method. The obvious factors

of 3z% are 3z and 1z, which won’t add to 5z. We abandon this method, and go to
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the quadratic formula. Note that a =1, b= 5, and ¢ = 3.

—5+ /52— 4(1)(3)

2(1)
5
_ 5, Vi3
2 2
so that the two roots are
-5+ 13 -5 — /13
ki = + and ky = —

Then

—5+4++/13 -5 —+/13

2 (o _
r*+5r+3=(x ) )(x )

)

Example 2 : Factorize 22? — x — 5.

Note that a = 2, b = —1, and ¢ = —5. Then the solutions to 222 —x — 5 = 0 are

—b+/b? — 4dac

2a
14+ 4/(—1)2 -4 x 2 x (=5)

2x2
RV
N 4
So the two factors of 222 —  — 5 are
1+ v41 1 —+/41
(x — +T) and (x — T)

and so the factorization is

2x2—x—5:2<x—1+7\/ﬁ> <x—ﬂ>
4 4

This right hand side of this equation should be expanded before it is believed!
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Exercises:

1. Factorize the following quadratics using the quadratic formula:

(a
(b

(d) 322+ 5z +1

(f) ba? +7x —2
(g) 32* +5x —4

(i) 5z* + 2z —2

)
)
(c) 222 +8x+3
)
) 202+ — 7

)
)
(h) 22% + 4z +1
)
)

(e) 3z% + 6z +2 §

Section 6 USES OF FACTORIZATION

We can use factorization of expressions in a variety of ways. One way is to simplify algebraic
fractions.

Example 1 :
2 -9 (x —3)(x+3)

x—3 (x —3)

r—3
= 3
T 3><(x+ )

= z+3

Example 2 :

x x x x
x2+4x+4+x+2 (ZE+2)2+1‘+2
x x T+ 2
(ZE+2)2+1‘+2 Xx+2
T x? + 2x
@r2?  (+27
?+ 7+ 2
o+ 2p
z(x + 3)
(w2

Another way of using factorization is in solving quadratic equations.
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Example 3 : Solve (z + 3)? =z + 5.

2 +6x+9 = =z
22 +5r+4 = 0
(x+4)(z+1) = 0

This is true when either x = —4 or x = —1. In other words, just one of the factors
needs to be zero for the original equation that we started with to be true.

It is a good idea to know what to expect from the equation by first examining the discriminant
A = b?> — 4ac. This is the expression under the square-root sign in the quadratic formula.
Given the equation y = az? + bx + ¢, and using our knowledge of square roots, we find the
following;:

A >0 There will be 2 distinct so- \ / h
lutions, so the curve crosses \/
the z-axis twice.

A =0 There will only be one solu-
tion, so the curve will only \ /
touch the z-axis. This is
called a double root.

A <0 The curve does not touch \J

the z-axis. We will deal with

this case in detail later. /’\
Exercises:

1. Factorize and then simplify the following algebraic expressions:

243
a) 3t
)

(
(b 6228
(

2x
2243242

(c) 535
x2—Tx—18

d) 2 —6x—27

2_
<e) m290-1—186

(f) 3229z

18z
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225
(g) 12313:)3710

2x2—32
(h) 12i6x+8
. 3__ 2
1) So
. 2.
() 2f2+3:166

2. Simplify the following by first finding a common denominator:

(a
(b

3 5x
T+2 + +3

C

(
(d

21 5x+6 224-8x+15

8

f z+3 2
2246249 z+3

22 +8x+15 _ x+3
22472410 T+2

h
(i
(J

(g
(

)

)

)

)
(e) J:2—34x—10 - $2+éx+6
(f)

)

)

)

)

(a) 22 — 6z +8 = (f) 222 —2—-6=0

(b) 2% + 8z + 15 = (g) 222 =132 —7=0
(c) 2> +Tx+12 = (h) 322 — 102 —8=0
(d) 2*+ 9z —22 = (i) 722+ 13z —2=0
(e) 2> —Tx+12=0 (j) 2* =18z +77=0

4. Solve the following equations using the quadratic formula. Write the answers to two
decimal places.

(a) 22 —3z+1=0 (c) 322 +2x—-2=0
(b) 222 =6z —T7=0 (d) 22 =132 +7=0
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Section 7  MULTIPLICATION AND DIVISION OF ALGEBRAIC FRACTIONS

We are often able to use factorization when we are multiplying or dividing algebraic expressions.

Example 1 :
:L’2—16X:c2+5:c+6 B (x+4)(x—4)x(x+3)(x+2)
r+3 T +4 B r+3 T +4
= (z—4)(x+2)
Example 2 :
22% + 122 + 16 " 42 =100 2(2® + 6z + 8) " 4(x? — 25)
322 4 6x 6r+30  3x(z+2) 6(x +5)
2@ +4)(z+2) 5 A(z +5)(x —5)
B 3x(x +2) 6(z +5)
Az +4)(z—-5)
B 9z
Example 3 :
62> +9z  4r+6 622 + 9z -9

2482415 22—9 2185+ 15 4 +6

3z(2z + 3) (x+3)(x—3)
(x +3)(z+5) 2(2z + 3)
3z(x — 3)
2z +5)

Exercises:

1. Simplify the following expressions:

(a) 2z —5z—3 x2+4x

242z 2z+1
(b) 3r+21 4x—12
2 —Tx+12 9z+63
242z 2z2—5x—12
(©) #rm X 5t
(d) 322-102—8 . 222-Tx—4
5x—15 . x2—-3x
(e) 22-16 . 224112428
4z2—-1 ° 2x2+5z+2
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Exercises 2.6 Factorizing Algebraic Expressions

1. Expand

(a) (x4 2)(x—2)

2. Factorize

(a) 14422 — o>
(b) 16a? — 952
(¢) 22+ Tz +10
(d) b+ 9b+ 14
(e) z% + 14z + 49
(f) 22 + oz —

)

(g) 223 + 102? — 48z

3. (a)
(b) Factorize 222 — z — 1.
(¢) Simplify ?j:é-
(d) Simplify z22=5_
(e) Simplify x22_$$y_6 iiy
(f) Simplify 2245e-5 -
(g) Simplify 5 + -
(h) Solve 2?4+ 2z — 3 = 0.
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(b) (20 + 4y) (20 — 4y)

(h) 222 + Tz +3
(i) 50* +17b+ 6
(j) 18y? + 12y + 2
(k) 1222 4+ 6z — 6
1) 7a* — 9a — 10
)
)

(m) —22 —z+2

~~

222 + 3z +2

(n

Factorize 2% 4+ 5z + 3 using the quadratic formula.



Answers 2.6

Section 1

Section 2
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Section 3
1. (a), (b), (e), and (f)

Section 4 part 1

r+3)(r+1)

x4+ 11)(x +4)
x+13)(x —2)
x4+ 10)(x — 3)

(i) (t—2)(2t+1)
() (2y —5)(3y +2)

(g) 9y* — 25

(h) 42 — 49

(g) 2m+7)(2m —7)
(h) (3m +4)(3m —4)
(g) y*+ 16y + 64

(h) t*+ 12t + 36

(g) (m—6)°

(h) (t+9)*

(e) (z+6)(z+4)
(f) (x —12)(x —2)

(g) (z=5)(z —2)



(h) (z —8)(z
(i) (

+3)
x+5)(zr—3)

Section 4 part 2

1. (a) (2z+3)(z+4)
(b) Bz +1)(z+5)
(¢) (2x 4 3)(3z+4)
(d) 2z +5)(z+2)
() (Bx+2)(4x+1)

Section 5

1. (a)

s
(b) 3x1—4

5x24+132+9
(z4+2)(z+3)

2(222+4-32+5)
(z+2)(z—5)

2(x%+5x+5)
(z+2)(z+4) (

(i) (z—=5)(z+3)
(f) 2z +1)(z—3)
(8) Bz +2)(x—4)
(h) (Bx+4)(xz —5)
(i) (5 +2)(x+3)
(G) (5bz +2)(2z + 3)
(f) 5z — =8 (g — =T5¥/80
(8) 3(zw — =YD (y — =5VT3
(h) 2z — =) (x = =77
(i) 5z — =2/ (o — =20
(j) 2z — =50 (g — =55
(e) %57 (g) 23 (i
(f) =5° (h) 2= (i
e (h) =555
EeeD 0 iy
0 () 2
(e) 4,3 (g) 7, —% (i
(f) =2, 3 (h) 4, -3 §
(0) =5+ (@ %
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Section 7

(z+4)(z—3) x(2x+3) (z—4)(x+2)

L. (a> T r+2 <C) 5(xz+5) (e> (2z—1)(x+7)
4 (342
(b) 3(z—4) (d) 5((29511))

Exercises 2.6

1.

2.

(a) 2?2 — 4

(a)
(b)
(c)
(d)
)
)
)

(122 — y)(12x + y)
(4da — 3b)(4a + 3b)
(x 4+ 5)(x +2)

b+ 7)(b+2)
(x+7)2
(x+3)(x—2)
2z(x — 3)(z + 8)

e

f
(g

(a) [r— (Z52)][z — (252)] or
(2x+5+\/_)(2x+5 \/_)
L2z +5+V13)(2z + 5 — V13)
(b) 2z 4+ 1)(z—1)
(c) 452
(d) 2(z+2)

2x+3

(
(

(b) 42? — 16y

(h) (z+3)(2z+1)
(i) (b+3)(5b+ 2)
(3) 23y + 1)?
(k) 6(x+1)(2z —1)
(1) (Ta+5)(a—2)
(m) (z+2)(1-=2)
(n) 2z+1)(2—12)
(0) o2
O coy

4z2 3249
8) erarey

(h) r=-3orz=1



